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Are some contradictions more contradictory than others?

[Jeffreys 1938]
Contradictions should not be reasonably supposed to imply anything else.
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On synonymity

Let &, W C FRML. We say that ® /s equivalent to W in L if
Vip e W. dlE1p and Vo e d. VI o

Obviously, if L is ~-paraconsistent, there must be ¢,¢¥ € FRML
such that {¢, ~¢} and {¢, ~¢} are not L-equivalent.

Are some contradictions more contradictory than others?

[Jeffreys 1938]

Contradictions should not be reasonably supposed to imply anything else.

[Popper 1940]

Contradictions are fatal and should be avoided at all costs, to prevent science from collapsing.

[Jeffreys 1942]
| did not suggest that all contradictions should be tolerated, but at least some.
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On synonymity

Let &, W C FRML. We say that & is equivalent to W in L if
Vi eWV. dlEey and Vo e d. VI o

Obviously, if L is ~-paraconsistent, there must be ¢,¢¥ € FRML
such that {¢, ~¢} and {¢, ~¢} are not L-equivalent.

Are some contradictions more contradictory than others?

[Jeffreys 1938]

Contradictions should not be reasonably supposed to imply anything else.

[Popper 1940]

Contradictions are fatal and should be avoided at all costs, to prevent science from collapsing.

[Jeffreys 1942]
| did not suggest that all contradictions should be tolerated, but at least some.

[Popper 1943, 1959, 1963]
| thought indeed about a system in which contradictory sentences were not ‘embracing’, that is,
did not explode, but abandoned this system because it turned out to be too weak.
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On synonymity

Let &, W C FRML. We say that ® /s equivalent to W in L if
Vip e W. dlE1p and Vo e d. VI o

Obviously, if L is ~-paraconsistent, there must be ¢,¢¥ € FRML
such that {¢, ~¢} and {¢, ~¢} are not L-equivalent.

Given a sentential context C, say that ¢, € FRML are C-equivalent in L
if both C(¢) IF C(¢)) and C(¢) IF C(9).
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On synonymity

Let &, W C FRML. We say that & is equivalent to W in L if
Vi eWV. dlEey and Vo e d. VI o

Obviously, if L is ~-paraconsistent, there must be ¢,¢¥ € FRML
such that {¢, ~¢} and {¢, ~¢} are not L-equivalent.

Given a sentential context C, say that ¢, € FRML are C-equivalent in L
if both C(¢) IF C(¢)) and C(¢) IF C(9).

Clearly, ¢ and ¢ are atom-equivalent in £ exactly when {¢} and {¢} are L-equivalent.

We say that ¢ and v are synonymous in L if they are C-equivalent
with respect to any context C in FRML.
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On synonymity

Let &, W C FRML. We say that & /s equivalent to W in L if
Vip e W. dlE1p and Vo e d. VI o

Obviously, if L is ~-paraconsistent, there must be ¢,¢¥ € FRML
such that {¢, ~¢} and {¢, ~¢} are not L-equivalent.

Given a sentential context C, say that ¢, € FRML are C-equivalent in L
if both C(¢) IF C(¢) and C(v) IF C(&).

Clearly, ¢ and 1 are atom-equivalent in £ exactly when {¢} and {¢} are L-equivalent.

We say that ¢ and v are synonymous in L if they are C-equivalent
with respect to any context C in FRML.

An n-ary connective (©) is called congruential in L
if it treats atom-equivalent arguments as synonymous.
A logic is called congruential if equivalence implies synonymity.
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On synonymity

Let &, W C FRML. We say that & /s equivalent to W in L if
Vip e W. dlE1p and Vo e d. VI o

Obviously, if L is ~-paraconsistent, there must be ¢,¢¥ € FRML
such that {¢, ~¢} and {¢, ~¢} are not L-equivalent.

Given a sentential context C, say that ¢, € FRML are C-equivalent in L
if both C(¢) IF C(¢) and C(v) IF C(&).

Clearly, ¢ and 1 are atom-equivalent in £ exactly when {¢} and {¢} are L-equivalent.

We say that ¢ and v are synonymous in L if they are C-equivalent
with respect to any context C in FRML.

An n-ary connective (©) is called congruential in L
if it treats atom-equivalent arguments as synonymous.
A logic is called congruential if equivalence implies synonymity.

In such case, of course, all connectives of L are congruential. (‘replacement property’)

Note that: (1) congruentiality > extensionality  truth-functionality
* (2) typical examples of congruential logics: classical modal logics

Jodo Marcos (UFRN & RUB) A study of negative modalities talk @ Salamanca 2/16
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On paraconsistency and congruentiality

Can a paraconsistent logic be congruential?
False start #1: logic D2 [Jaskowski 1048-49]
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On paraconsistency and congruentiality

Can a paraconsistent logic be congruential?

False start #1: logic D2 [Jaskowski 1048-49]
[Fpo o iff J[I IFss J(), where J = jask o wski and
wski(p) = p
wski(~a) = ~wski(a)
wski(a V B) = wski(a) V wski(B) Jask(p) = e

wski(a A B) = wski(a) A Owski(B)
wski(a D B) = Owski(a) D wski(B)
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On paraconsistency and congruentiality

Can a paraconsistent logic be congruential?

False start #1: logic D2 [Jaskowski 1048-49]
[Fpo o iff J[I IFss J(), where J = jask o wski and
wski(p) = p
wski(~a) = ~wski(a)
wski(a V B) = wski(a) V wski(B) Jask(p) = e

wski(a A B) = wski(a) A Owski(B)
wski(a D B) = Owski(a) D wski(B)

Despite appearances, D2 is not a modal logic! [IM, Logica 2004 |
Let ~a = a D ~(aV ~a).
Check that p and ——p are atom-equivalent yet not ~-equivalent in D2.
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On paraconsistency and congruentiality

Can a paraconsistent logic be congruential?

False start #1: logic D2 [Jaskowski 1048-49]
[Fpo o iff J[I IFss J(), where J = jask o wski and
wski(p) = p
wski(~a) = ~wski(a)
wski(a V B) = wski(a) V wski(B) Jask(p) = e

wski(a A B) = wski(a) A Owski(B)
wski(a D B) = Owski(a) D wski(B)

Despite appearances, D2 is not a modal logic! [IM, Logica 2004 |
Let ma 1= a D ~(a V ~a).
Check that p and ——p are atom-equivalent yet not ~-equivalent in D2.
More generally, every ~-paraconsistent extension of CPLT fails congruentiality
if it happens to sanction the inference ~(a D ) IF aw A ~f.
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On paraconsistency and congruentiality

Can a paraconsistent logic be congruential?
Say that a logic L is C-reversing if ¢ IF 4 implies C(¢) IF C(¢).

(1) typical examples of C-reversing contexts: negative modalities in normal modal logics
(2) C-reversing implies C-congruential
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On paraconsistency and congruentiality

Can a paraconsistent logic be congruential?
Say that a logic L is C-reversing if ¢ IF 4 implies C(¢) IF C(¢).

(1) typical examples of C-reversing contexts: negative modalities in normal modal logics
(2) C-reversing implies C-congruential

Can a ~-paraconsistent logic be ~-reversing?
False start #2: the status of contraposition
No (boldly) paraconsistent logic with a deductive implication D

can sanction the inference 8 D a lF ~a D ~f. [Popper 1963]
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On paraconsistency and congruentiality

Can a paraconsistent logic be congruential?
Say that a logic L is C-reversing if ¢ IF 4 implies C(¢) IF C(¢).

(1) typical examples of C-reversing contexts: negative modalities in normal modal logics
(2) C-reversing implies C-congruential

Can a ~-paraconsistent logic be ~-reversing?
False start #2: the status of contraposition
No (boldly) paraconsistent logic with a deductive implication D

can sanction the inference 8 D a lF ~a D ~f. [Popper 1963]

Indeed:
TFra ref
B5alk~a>~8 alfoa !
alk ~a D~ cut ~alkF ~a ref
a, ~a - ~f o E

talk @ Salamanca 3/16



On paraconsistency and congruentiality

Can a paraconsistent logic be congruential?
Say that a logic L is C-reversing if ¢ IF 4 implies C(¢) IF C(¢).

(1) typical examples of C-reversing contexts: negative modalities in normal modal logics
(2) C-reversing implies C-congruential

Can a ~-paraconsistent logic be ~-reversing?

And now for something completely different:
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Can a paraconsistent logic be congruential?
Say that a logic L is C-reversing if ¢ IF 4 implies C(¢) IF C(¢).

(1) typical examples of C-reversing contexts: negative modalities in normal modal logics
(2) C-reversing implies C-congruential

Can a ~-paraconsistent logic be ~-reversing?

And now for something completely different:
Consider Kripke models for CPL™ and add a unary connective — such that:

2" v iff Jy(xRy and M o)
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On paraconsistency and congruentiality

Can a paraconsistent logic be congruential?
Say that a logic L is C-reversing if ¢ IF 4 implies C(¢) IF C(¢).

(1) typical examples of C-reversing contexts: negative modalities in normal modal logics
(2) C-reversing implies C-congruential

Can a ~-paraconsistent logic be ~-reversing?

And now for something completely different:
Consider Kripke models for CPL™ and add a unary connective — such that:

2" v iff Jy(xRy and M o)

Define:
1L = ~(pDp
—p = DL
Op = -y
Sp = v
~p = 07y
op = DOy
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On paraconsistency and congruentiality

Can a paraconsistent logic be congruential?
Say that a logic L is C-reversing if ¢ IF 4 implies C(¢) IF C(¢).

(1) typical examples of C-reversing contexts: negative modalities in normal modal logics
(2) C-reversing implies C-congruential

Can a ~-paraconsistent logic be ~-reversing?

And now for something completely different:
Consider Kripke models for CPL™ and add a unary connective — such that:

2" v iff Jy(xRy and M o)

Define:
1L = ~(pDp
—p = DL Then the logics thereby defined. . . [J.M., Log & Anal
Op = —wp 2005] . . .
. are -reversing, —-reversing and ~-reversing
Cp = e ... are congruential
~p o = O ... generate precisely the normal modal logics
op = @DOp ... are w-paraconsistent (and ~-paracomplete)

. are Logics of Formal Inconsistency
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On paraconsistency and congruentiality

Can a paraconsistent logic be congruential?
Say that a logic L is C-reversing if ¢ IF 4 implies C(¢) IF C(¢).

(1) typical examples of C-reversing contexts: negative modalities in normal modal logics
(2) C-reversing implies C-congruential

Can a ~-paraconsistent logic be ~-reversing?

And now for something completely different:
Consider Kripke models for CPL™ and add a unary connective — such that:

2" v iff Jy(xRy and M o)

Define:
1L = ~(pDp
—p = DL Then the logics thereby defined. . . [J.M., Log & Anal
Op = —wp 2005] . . .
. are —-reversing, —-reversing and ~-reversing
Cp = e ... are congruential
~po = O ... generate precisely the normal modal logics
op = @DOp ... are w-paraconsistent (and ~-paracomplete)

. are Logics of Formal Inconsistency

The Challenge:
To do this without the help of an implication in the language!
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On paraconsistency and congruentiality

Axiomatizing normal (paraconsistent) modal logics on FRML, v - _
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On paraconsistency and congruentiality

Axiomatizing normal (paraconsistent) modal logics on FRML, v - _
System K : CPL™ extended by
K] F~(aAB)D(vaVv-p)
[N1] IfFa D g, thenk <3 D wa
[N2] Ift+ «, thenvwaDp
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On paraconsistency and congruentiality

Axiomatizing normal (paraconsistent) modal logics on FRML,  ~

System K : CPL™ extended by
K] F~(aAB)D(vaVv-p)
[N1] IfFa D g, thenk <3 D wa
[N2] Ift+ «, thenvwaDp

System  Axiom Frames
KT aV o reflexive
KB o Do symmetric
K5 (vaANwwa)Dp euclidean
K4 (~raANw~a) DB transitive
K2 (vaN~—a)Df dense
KG o D Al confluent
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A parsimonious modal (interpreted) language
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A parsimonious modal (interpreted) language

Frame: F = (W,R), where W #@and RC W x W
Model: M = (F, V), where F is a frame,
and V: W x L — {f, t} respects (we use M, z I a to denote

[SO] MwiFpeDy iff M,wlf oor M,wlk
[S—] M,wlk <y iff M, v Iff ¢ for some v € W such that wRv
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Model: M = (F, V), where F is a frame,
and V: W x L — {f, t} respects (we use M, z I a to denote

[SO] MwiFpeDy iff M,wlf oor M,wlk
[S—] M,wlk <y iff M, v Iff ¢ for some v € W such that wRv

Recovering the (now standard) basic modal languages

~a = a D (a D «a) behaves as the classical negation
and
O := ~—a behaves as the usual (positive) modality box
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A parsimonious modal (interpreted) language

Frame: F = (W,R), where W #@and RC W x W
Model: M = (F, V), where F is a frame,
and V: W x L — {f, t} respects (we use M, z IF « to denote )

[SO] MwiFpeDy iff M,wlf oor M,wlk
[S—] M,wlk <y iff M, v Iff ¢ for some v € W such that wRv

Recovering the (now standard) basic modal languages

~a = a D —(a D a) behaves as the classical negation
and
O := ~—a behaves as the usual (positive) modality box

Note 0. Conversely, the (paraconsistent) negation - might be recovered through ~0O.
Note 1. It is reasonable to expect — to be, in general, weaker than ~, i.e.:

~a =, yet va fE o
Note 2. Our minimal language, in what follows, will be:

LT 1L, classically interpreted
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Unary modal operators
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Unary modal operators

R
The classical case: 1111110
01 0
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Unary modal operators

B
The classical case: 1111110
01 0

A shared property: congruentiality

[cong| if a =B, then #(a) = #(B)

(where ¢ = 1 means that both ¢ = ¢ and ¢ > )

Jodo Marcos (UFRN & RUB) A study of negative modalities talk @ Salamanca 5/ 16



Unary modal operators

B
The classical case: 1111110
01 0

A shared property: congruentiality

[cong| if a =B, then #(a) = #(B)

(where ¢ = 1 means that both ¢ = ¢ and ¢ > )

Some stronger properties: >--preservation and --reversal
[prs] if a > 3, then #(a) > #(ﬁ) (satisfied by all, but —)
[rev] if > 3, then #(ﬂ) - #(Oé) (satisfied by all, but +)
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Unary modal operators

B
The classical case: 1111110
01 0

A shared property: congruentiality

[cong| if a =B, then #(a) = #(B)

(where ¢ = 1 means that both ¢ = ¢ and ¢ > )

Some stronger properties: >--preservation and --reversal
[prs] if a > 3, then #(a) > #(ﬁ) (satisfied by all, but —)
[rev] if > 3, then #(ﬂ) - #(Oé) (satisfied by all, but +)

Interactions with A and V:
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Unary modal operators

B
The classical case: 1111110
0 1 0 0

A shared property: congruentiality

[cong| if a =B, then #(a) = #(B)

(where ¢ = 1 means that both ¢ = ¢ and ¢ > )

Some stronger properties: >--preservation and --reversal
[prs] if @ > 3, then #(Oé) - #(5) (satisfied by all, but —)
[rev] if > 3, then #(ﬂ) - #(Oé) (satisfied by all, but +)

Interactions with A and V:
[PM1.14] +(p AY) =+ A+ [PM2.14] 4oV +1Y = +(e V)
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Unary modal operators

B
The classical case: 1111110
01 0

A shared property: congruentiality

[cong| if a =B, then #(a) = #(B)

(where ¢ = 1 means that both ¢ = ¢ and ¢ > )

Some stronger properties: >--preservation and --reversal
[prs] if a > 3, then #(a) > #(ﬁ) (satisfied by all, but —)
[rev] if a = 3, then #(5) - #(Oé) (satisfied by all, but +)

Interactions with A and V:
[PMLI+] +(pAY) = 4o A+ [PM214] 4oV 4+ = +(p Vo)
[DM1.1-] —(p V)= —pA—1p  [DM21-] —@V -t = —(p A1)
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[Boxes] and <Diamonds>
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[Boxes] and <Diamonds>

Case of [prs]:
[PMLI+] +(pA®) = +o A+t [PM2.1+] +oV +1h = +(o V1)
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[Boxes] and <Diamonds>

Case of [prs]:
[PML1.1+] +(pA) = +p A+ [PM2.1+] 4oV 4y = +(p V)
[PM1.24] 4@ A+ = +(p AY) [PM2.2+4] 4+(p V1) = +p V +1

Jodo Marcos (UFRN & RUB) A study of negative modalities



[Boxes] and <Diamonds>

Case of [prs]:

[PML1+4] +(oA®) = +o A+ [PM2.1+4] 4oV +¢ = +(p V)

[PM1.2+4] +o A+ = +(p A1) [PM2.2+] +(p V) = +p V41
type [+]
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[Boxes] and <Diamonds>

Case of [prs]:

[PML1+4] +(oA®) = +o A+ [PM2.1+4] 4oV +¢ = +(p V)

[PM1.2+4] 4@ A+ = +(o A1) [PM2.2+] +(pV1h) = +p V +1b
type [+] type <+>
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[Boxes] and <Diamonds>

Case of [prs]:

[PML1+4] +(oA®) = +o A+ [PM2.1+4] 4oV +¢ = +(p V)
[PM1.2+4] 4@ A+t = +(p A Q) [PM2.2+4] +(p V) = +o V +1
full type [+] type <+>

[PT+] = +T
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[Boxes] and <Diamonds>

Case of [prs]:
[PM1.14+] +(p AY) = +p A+ [PM2.14] 4+ V 4+ = +(p V1))
[PM1.24+] +p A+ = +(p A) [PM2.2+] +(p V) = +p V41
full type [+] full type <+>
[PT+] = +T [PB+] +L >~
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[Boxes] and <Diamonds>

Case of [prs]:
[PML1+4] +(oA®) = +o A+ [PM2.1+4] 4oV +¢ = +(p V)

[PM124] 4o A+ = +(@AY)  [PM224] +(p V) = +o V +1

full type [+] full type <+>
[PT+] = +T [PB+] +L1 =
Case of [rev]:

[OMLI-] —(pV9) = —pA—¢  [DM21-] —pV =1 = —(p A )
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[Boxes] and <Diamonds>

Case of [prs]:

[PM1.14] +(p A9Y) = +o A+ [PM2.14] +@ V49 = +(o V)
[PM1.2+4] 4@ A+ = +(o A1) [PM22+] +(p V1) = +pV +1
full type [+] full type <+>

PT+] =+T [PB+] +L >

Case of [rev]:
[ODML1-] —(pVe) = —pA—=tp  [DM21-] —pV =t - —(pA¥)
[DM12-] —p A== —(¢Vy)  [DM22-] —(p V) = —pA—¢
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[Boxes] and <Diamonds>

Case of [prs]:

[PM1.14] +(p A9Y) = +o A+ [PM2.14] +@ V49 = +(o V)
[PM1.2+4] 4@ A+ = +(o A1) [PM22+] +(p V1) = +pV +1
full type [+] full type <+>

PT+] =+T [PB+] +L >

Case of [rev]:

[DM1.1-] —(e V) = —p A =1 [DM2.1—] —pV =9 = —(p A ¥)

PML2-] —p A~ —(pVe)  [DM22-] —(pV i) > —p A —3
type [-]
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[Boxes] and <Diamonds>

Case of [prs]:

[PM1.14] +(p A9Y) = +o A+ [PM2.14] +@ V49 = +(o V)
[PM1.2+4] 4@ A+ = +(o A1) [PM22+] +(p V1) = +pV +1
full type [+] full type <+>

PT+] =+T [PB+] +L >

Case of [rev]:

[DM1.1-] —(e V) = —p A =1 [DM2.1—] —pV =9 = —(p A ¥)

DM12-] A== —( V) [DM22-] —(pV 1) - —p A v
type [-] type <->
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[Boxes] and <Diamonds>

Case of [prs]:

[PM1.14] +(p A9Y) = +o A+ [PM2.14] +@ V49 = +(o V)
[PM1.2+4] 4@ A+ = +(o A1) [PM22+] +(p V1) = +pV +1
full type [+] full type <+>

PT+] =+T [PB+] +L >

Case of [rev]:
[DM1.1-] —(e V) = —p A =1 [DM2.1—] —pV =9 = —(p A ¥)
[DM1.2—] —p A=t = —(p V) [DM2.2—] —(pVY) = —p A =9
full type [-] type <->
[PT-] »—L
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[Boxes] and <Diamonds>

Case of [prs]:

[PM1.14] +(p A9Y) = +o A+ [PM2.14] +@ V49 = +(o V)
[PM1.2+4] 4@ A+ = +(o A1) [PM22+] +(p V1) = +pV +1
full type [+] full type <+>

PT+] =+T [PB+] +L >

Case of [rev]:
[DM1.1-] —(e V) = —p A =1 [DM2.1—] —pV =9 = —(p A ¥)
[DM1.2—] —p A=t = —(p V) [DM2.2—] —(pVY) = —p A =9
full type [-] full type <->
[PT-] »—L [PB—] —T >
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[Boxes] and <Diamonds>

Case of [prs]:
[PML14+] +(eA9Y) = +p A+9
[PML.24] +p A+ = +(p A9)
full type [+]
[PT+] = +T

Case of [rev]:
[DML1-] —(p Vi) = —p A=t
DM12-] —p A—¢) = —(p V1)

[PM2.14] +p V410 = +(p V)
[PM2.2+] +(p V) = +pV+19
full type <+>
[PB+] +L >

[DM2.1-] —@V =1 = —(p A1)
[DM22—] —(p V) = —p A=t

full type [-] full type <->
[PT-] = —L [PB-] —T >
Negations? [J.M., J Appl Log 2005]
[falsificatio]  wiap #%p £ #K1p [verificatio] —vizp #5F1p £ #*p
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[Boxes] and <Diamonds>

Let ~ represent classical negation. Then:
[+]l~a = ~<+>a <H>~a=~[Fla

[—]~a = ~<—>a <—>~a=~[—]a
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[Boxes] and <Diamonds>

Let ~ represent classical negation. Then:

[+]l~a = ~<+>a <H>~a=~[Fla
[—]~a = ~<—>a <—>~a=~[—]a
contrarietas
Op O~p = ~p
~ ? X0
& 9
d 3 % & 9
iy] - +
- < ]
4 5 g
q o ]
=] hd )
T e =1
y 8 & El
&f %
~|:|~p = (}p O~p = ~vp = ~0O
subcontrarietas P

Figure: Square of Modalities (som)
[J.M., Log & Anal 2005]
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Non-classical behavior and derivability adjustment
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Non-classical behavior and derivability adjustment

The two sides of negation:
[#-explosion]  p, #p - q [#-implosion] g - #p, p
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Non-classical behavior and derivability adjustment

The two sides of negation, and their failures:

[#-explosion]  p,#p # q [#-implosion]  q = #p,p
paraconsistency
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Non-classical behavior and derivability adjustment

The two sides of negation, and their failures:

[#-explosion]  p, #p # q [#-implosion] g  #p,p

paraconsistency paracompleteness
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Non-classical behavior and derivability adjustment

The two sides of negation, and their failures:
[#-explosion]  p, #p  q [#-implosion] g # #p, p
paraconsistency paracompleteness

Some (strong) gentler versions:

([C1#] @p,p,#p > [C2#] > p,@p (C34] > #p,@p
[DI1#] >~ #p,p,@p [D2#] @p,p >~ [D3#] @p,#p =

When you encounter difficulties and con-
tradictions, do not try to break them, but
bend them with gentleness and time.
— Saint Francis de Sales
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Non-classical behavior and derivability adjustment

The two sides of negation, and their failures:

[#-explosion]  p,#p % q [#-implosion] g # #p,p

paraconsistency paracompleteness

Some (strong) gentler versions:
(C1#]  @p,p #p - (C24] > p,@p (C3#] - #p,@p
(DI#] > #p,p,@p [D2A#] @p,p >~ (D3] @b, #p -

When you encounter difficulties and con-
tradictions, do not try to break them, but
bend them with gentleness and time.
— Saint Francis de Sales

Enriching the object language through adjustment connectives

The [Cn#] clauses (strongly) internalize the ‘consistency assumption’, and
the [Dn+#] clauses (strongly) internalize the ‘determinedness assumption’.

This defines (strong versions of) the so-called LFls and LFUs.
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Modal semantics: it ain’t necessarily so!
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Modal semantics: it ain’t necessarily so!

Consider the following negative modalities:
Sw] M,wlk vy iff M, vIf ¢ for some v € W such that wRv

S~ M,wlf ~p iff M, vIF o for some v € W such that wRv
equivalently:
Mowlk ~p iff M, v If p for every v € W such that wRv
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Modal semantics: it ain’t necessarily so!

Consider the following negative modalities:
Sw] M,wlk vy iff M, vIf ¢ for some v € W such that wRv
S~ M,wlf ~p iff M, vIF o for some v € W such that wRv

It should be noted that, for non-degenerate classes of frames:
w is a paraconsistent negation,
and a full type <-> connective
~ is a paracomplete negation,
and a full type [-] connective
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Modal semantics: it ain’t necessarily so!

Consider the following negative modalities:
Sw] M,wlk vy iff M, vIf ¢ for some v € W such that wRv
S~ M,wlf ~p iff M, vIF o for some v € W such that wRv

It should be noted that, for non-degenerate classes of frames:
w is a paraconsistent negation,
and a full type <-> connective
~ is a paracomplete negation,
and a full type [-] connective
Consider also the following adjustment connectives:
[SCol M,wlFop iff M wlf oo M,wlf —p

[SDa] MywlFep iff M wlkgo M,wlk~p
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Modal semantics: it ain’t necessarily so!

Consider the following negative modalities:
Sw] M,wlk vy iff M, vIf ¢ for some v € W such that wRv
S~ M,wlf ~p iff M, vIF o for some v € W such that wRv

It should be noted that, for non-degenerate classes of frames:
w is a paraconsistent negation,
and a full type <-> connective
~ is a paracomplete negation,
and a full type [-] connective

Consider also the following adjustment connectives:
[SCol M,wliFop iff M,wlf o or M,wlf <
[SDa] MywlFep iff M wlkgo M,wlk~p

It should be noted that:
© expresses —-consistency,

and allows for —-explosiveness to be recovered

& expresses ~-determinedness,
and allows for ~-implosiveness to be recovered
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Classical negation: interactions, and definability
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Classical negation: interactions, and definability

In modal terms, classical negation has a local character:
[S~] M,wlk~p iff M,wlfp
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Classical negation: interactions, and definability

In modal terms, classical negation has a local character:
[S~] M,wlk~p iff M,wlfp

Intuition:

Note indeed that ~ would be at once full type [-] and full type <->.
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Classical negation: interactions, and definability

In modal terms, classical negation has a local character:
[S~] M,wlk~p iff M,wlfp

Intuition:

Note indeed that ~ would be at once full type [-] and full type <->.

How does classical negation relate to the non-classical ones?

Recall that: []l~a = ~<—>a <—>~a = ~[Ja
In other words: A~ =~ o~ = A
Moreover, in some situations: ~o = ~« ~O oo

but the converses fail

Jodo Marcos (UFRN & RUB) A study of negative modalities talk @ Salamanca 9 /16



Classical negation: interactions, and definability

In modal terms, classical negation has a local character:
[S~] M,wlk~p iff M,wlfp

Intuition:

Note indeed that ~ would be at once full type [-] and full type <->.

How does classical negation relate to the non-classical ones?

Recall that: [l~a = ~<—>a <—>~a = ~[—la
In other words: A~ =~ NN =R NG"
Moreover, in some situations: ~o = ~« ~O oo

but the converses fail

What if classical negation is not taken as a primitive connective?

To investigate: In which situations is it even definable in £, +, __og"?

(we'll answer this later on!)
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A sequent calculus for PK

A sequent calculus for the weakest normal modal logic over £+, oa:

[c]
[W=]
[1=]
h=]
V=]
[-=]
[o=]

[6=]

Jodo Marcos (UFRN & RUB) A study of negative modalities

=

[cut]

r=A
- A [=W]
Me=A
—_— =T
NHL=A [ ]
Mo v=A
_Nev=4 [=A]
oAy = A

Ne=A TIy=A

[(=V]

MeVvy=A

F=¢A
A e T =
~ 7V¢§vr

Fr=p,A T=vp A

(=€l
rop=A

M= ¢, ~p, A
— (=6l
Moep=A

[A. Dodé & J.M., ENTCS 2014]

Ne=A T=¢pA

r=A
r=A

F=¢ A

TeTa

Fr=p,A =9 A

Fr=eAy,A

M= ey, A

Fr=evy A
Me=A

/\A = ~P, vr
Mp—p=A

= 0p, A
Ne=A T,~p=>A

= p, A
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The technology of Basic Sequents

A basic rule: main sequent + context sequent [O. Lahav & A. Avron 2013]
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Jodo Marcos (UFRN & RUB) A study of negative modalities

The technology of Basic Sequents

A basic rule: main sequent + context sequent [O. Lahav & A. Avron 2013]

Examples:
Mev=A Mr=p,A T=¢9 A
h=] ——————— [=A]
MeAYy=A M= oAy, A
are described as:
[A=1 (p1,p2=;m0) /P1ApP2= [=A] (= p1;m),(=p2:im)/ = pLAP2

where 1o = {(q1 = ; q1 =), (= q1; = q1)}.
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The technology of Basic Sequents

A basic rule: main sequent + context sequent [O. Lahav & A. Avron 2013]
Examples:
o= A Fr=¢,A =Y A
Ae] ©Y (=] ® ¥
MeAYy=A M= oAy, A

are described as:
[N=] (p1,p2=im0) /P1Ap2= [=A] (= p1im),(=p2;m)/ =P AP

where mo = {(q1 = ; g1 =),{(=q1: = q1)}.
while

F=p A

St yorerev
A, = o

are described as:
[=] (= p1m)/vp=>

where m1 = {(q1 = ; = ~q1),(= q1; ~q1 =)}.
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The technology of Basic Sequents

A basic rule: main sequent + context sequent

[O. Lahav & A. Avron 2013]
Examples:

[ ] F=p A
= _
AN = T

are described as:

[v=] (= p1im)/vp=>

where 11 = {{q1 = ; = —q1),(= q1; ~q1 =)}.
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The technology of Basic Sequents

A basic rule: main sequent + context sequent [O. Lahav & A. Avron 2013]
Examples:
F=p A
ey N
AN v = T

are described as:
[=] (= p1im) /vp1=>

where 71 = {{q1 = ; = —q1). (= q1; ~q1 =)}

The main sequent is made to match an appropriate semantic condition.
For instance, [~=>] induces:

‘ “if M, v IF = « for every world v such that wRv, then M, w IF o =" ‘

and the context sequent is also made to match a semantic condition.
For instance, 1 induces:

“if wRv then M, w |- = < whenever M, v IF 3 ="
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The technology of Basic Sequents

A basic rule: main sequent + context sequent [O. Lahav & A. Avron 2013]
Examples:
F=p A
ey N
AN v = T

are described as:
[=] (= p1im) /vp1=>

where 71 = {{q1 = ; = —q1). (= q1; ~q1 =)}

The main sequent is made to match an appropriate semantic condition.
For instance, [~=>] induces:

‘ “if M, v IF = « for every world v such that wRv, then M, w IF o =" ‘

and the context sequent is also made to match a semantic condition.
For instance, 1 induces:

“if wRv then M, w |- = < whenever M, v IF 3 ="

Together, these correspond precisely to:
[S—] M,wlkwp iff M,vIf e for some v € W such that wRv
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The technology of Basic Sequents

A basic rule: main sequent + context sequent

[O. Lahav & A. Avron 2013]
Examples:

F=p A
[-=1 AN = T
are described as:

[-=] (=pum)/vp1=

where 11 = {{q1 = ; = ~q1), (= q1; ~q1 =)}

Together, these correspond precisely to:
[S—] M,wlkwp iff M,vIf e for some v e W such that wRv
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The technology of Basic Sequents

A basic rule: main sequent + context sequent [O. Lahav & A. Avron 2013]
Examples:
F=p A
ey N
AN v = T

are described as:
[=] (= p1im) /vp1=>

where 71 = {{q1 = ; = —q1). (= q1; ~q1 =)}

Together, these correspond precisely to:
[S—] M,wlkwp iff M,vIf e for some v e W such that wRv

For our convenience, we rewrite this as:
[F—] if T, (p) for every v € W such that wRv, then F,(~¢)

[T-] if F (p) for some v € W such that wRv, then T, (~¢)

where we take ‘T,(a)" as abbreviating ', and 'F ()’ as abbreviating *
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The technology of Basic Sequents

[F—] if T, (p) for every v € W such that wRv, then F,(~¢)
[T-] if F,(¢) for some v € W such that wRv, then T, (~¢)

where we take ‘T,(a)’ as abbreviating * ', and ‘F,(a)" as abbreviating *
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The technology of Basic Sequents

[F—] if T, (p) for every v € W such that wRv, then F,(~¢)
[T-] if F,(¢) for some v € W such that wRv, then T, (~¢)

where we take ‘T,(a)’ as abbreviating * ', and ‘F,(a)" as abbreviating *

Say that w, v € W agree with respect to the formula «, according to V,
if either (T, («) and T,(«)) or (F,(a) and F,(«)).

Call M a differentiated model
if w = v whenever w and v agree with respect to every a € L, according to V.

Call M a strengthened model iff wRv
if (T, () implies F,(~a)) and (F,(a) implies T, (~a)), for every a € L.

Jodo Marcos (UFRN & RUB) A study of negative modalities talk @ Salamanca 11 / 16



The technology of Basic Sequents

[F—] if T, (p) for every v € W such that wRv, then F,(~¢)
[T-] if F (p) for some v € W such that wRv, then T, (~¢)

where we take ‘T, (a)’ as abbreviating * ', and 'F,(a)" as abbreviating *

Say that w, v € W agree with respect to the formula «, according to V,
if either (T, («) and T, («)) or (F,(a) and F, («)).

Call M a differentiated model
if w = v whenever w and v agree with respect to every a € L, according to V.

Call M a strengthened model iff wRv
if (T, («) implies F,(~a)) and (F,(«) implies T, (~«)), for every o € L.

Adequacy Theorem. (corollary of [O. Lahav & A. Avron 2013])

PK is sound and complete with respect to any class of Kripke models that:
(/) contains only models that satisfy all the appropriate [T#] and [F#]
conditions; and (/i) contains all strengthened differentiated models that
satisfy all the appropriate [T#] and [F#] conditions.
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Cut-elimination and analyticity, almost for free

check ‘Sequent systems for negative modalities’, O. Lahav, J.M., and Y. Zohar, Log Univ 2017
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Cut-elimination and analyticity, almost for free
check ‘Sequent systems for negative modalities’, O. Lahav, J.M., and Y. Zohar, Log Univ 2017

A strategy in two steps:
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Cut-elimination and analyticity, almost for free
check ‘Sequent systems for negative modalities’, O. Lahav, J.M., and Y. Zohar, Log Univ 2017

A strategy in two steps:
Step 1. Present an adequate semantics for the cut-free fragment of PK.
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Cut-elimination and analyticity, almost for free

check ‘Sequent systems for negative modalities’, O. Lahav, J.M., and Y. Zohar, Log Univ 2017

A strategy in two steps:

Step 1. Present an adequate semantics for the cut-free fragment of PK.
We now build models with quasi valuations

QV W x L — {{f},{t},{f,t}} such that:
[F-] if T, (p) for every v € W such that wRv, then F, ()

[T-] if F (¢) for some v € W such that wRv, then T, (“~¢)
where we take ‘T, (a)" as abbreviating ‘'t € QV/(u,a)’, and ‘F,(a)’ as abbreviating ‘f € QV/(u, o)’
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Cut-elimination and analyticity, almost for free

check ‘Sequent systems for negative modalities’, O. Lahav, J.M., and Y. Zohar, Log Univ 2017

A strategy in two steps:

Step 1. Present an adequate semantics for the cut-free fragment of PK.
We now build models with quasi valuations

QV W x L — {{f},{t},{f,t}} such that:
[F-] if T, (p) for every v € W such that wRv, then F, ()

[T-] if F (¢) for some v € W such that wRv, then T, (“~¢)
where we take ‘T, (a)" as abbreviating ‘'t € QV/(u,a)’, and ‘F,(a)’ as abbreviating ‘f € QV/(u, o)’

‘ Note that these are in principle non-deterministic! ‘
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Cut-elimination and analyticity, almost for free
check ‘Sequent systems for negative modalities’, O. Lahav, J.M., and Y. Zohar, Log Univ 2017
A strategy in two steps:

Step 1. Present an adequate semantics for the cut-free fragment of PK.
We now build models with quasi valuations

QV W x L — {{f},{t},{f,t}} such that:
[F—] if T, (p) for every v € W such that wRv, then F,(~¢)

[T-] if F,(p) for some v € W such that wRv, then T, (~¢)
where we take ‘T, (a)" as abbreviating ‘'t € QV/(u,a)’, and ‘F,(a)" as abbreviating 'f € QV/(u, ).

Step 2. Show that the existence of a countermodel in the form of a

strengthened differentiated quasi model implies the existence of an
ordinary countermodel.

Let an instance of a quasi model OM = ((W,R), QV) be any model M = ((W,R’), V)
such that X$(¢) whenever X, (¢), for every X € {T,F}, every w € W and every ¢ € L.
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Cut-elimination and analyticity, almost for free
check ‘Sequent systems for negative modalities’, O. Lahav, J.M., and Y. Zohar, Log Univ 2017
A strategy in two steps:

Step 1. Present an adequate semantics for the cut-free fragment of PK.
We now build models with quasi valuations

QV W x L — {{f},{t},{f,t}} such that:
[F—] if T, (p) for every v € W such that wRv, then F,(~¢)

[T-] if F,(p) for some v € W such that wRv, then T, (~¢)
where we take ‘T, (a)" as abbreviating ‘'t € QV/(u,a)’, and ‘F,(a)" as abbreviating 'f € QV/(u, ).

Step 2. Show that the existence of a countermodel in the form of a
strengthened differentiated quasi model implies the existence of an
ordinary countermodel.

Let an instance of a quasi model OM = ((W,R), QV) be any model M = ((W,R’), V)
such that X$(¢) whenever X, (¢), for every X € {T,F}, every w € W and every ¢ € L.

Theorem.

Every quasi model has an instance. J
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Cut-elimination and analyticity, almost for free

check ‘Sequent systems for negative modalities’, O. Lahav, J.M., and Y. Zohar, Log Univ 2017
Consider the well-founded relation < on £ such that a <  iff either:
(i) « is a proper subformula of 8, or
(if) &« =~~~ and 8 = Oy for some vy € L, or
(iii) o« = ~v and B8 = & for some v € L.
Since the class of all quasi models contains the strengthened differentiated quasi models,
it follows that:

Corollary

PK enjoys cut-admissibility.

Corollary

PK is <-analytic:

If a sequent s is derivable from a set S of sequents in PK, then there is a
derivation of s from S such that every formula ¢ that occurs in the
derivation satisfies ¢ < 1 for some ¢ in SUs.
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Seriality, Reflexivity, Functionality, Symmetry
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Seriality, Reflexmty, Functlonallty, Symmetry

sequent system : frames : some distinguishing features
PKD : serial . ~pE-p
PKT : reflexive . p,~pEgand gE -p,p
PKF : total functional : wp=~p
PKB : symmetric . wwpEpand plE~~p
M= A
D - -
D] ~A = o
Me=A M= ¢ A
T, X7 T, — 22
R A
M= A
[Fun] CASor
Mol o= A ~A el =@, A ~A
[B1] : [B:] :

AN A =~ T AN A v = T
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Links to the full story: [AIML 2016] and [Log. Univ. 2017].
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On the definability of classical negation

When ~ is not a primitive connective
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On the definability of classical negation

When ~ is not a primitive connective

© Classical negation is definable in the logics:

PKT-{\/,@}' (set ~p == ~p V Bp)
PKT-{/\)@}' (set ~p := —p A Op)
PKD, and PKF. (set ~g = (~p A Op) V 69)
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On the definability of classical negation

When ~ is not a primitive connective

© Classical negation is definable in the logics:

PKT'{V;@}: (set ~p == ~p V Bp)

PKT-{~,6}, (set ~p == —p A Op)

PKD, and PKF. (set ~ip = (~p A ©p) V Bp)
@ Classical negation is not definable in the logics:

PK, PKB,

PKT-{o,6},

PKD-{o}, PKF-{o},
PKD-{6}, and PKF-{6}.
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More on the study of negative modalities:

@ Studying properties of negation through other classes of frames

Examples:
Church-Rosser : w—vplE ~~p
transitive : wp,~(vp) Eqand g = ~(~p),~p
euclidean . ~p,~(~p) Egand g E ~(~p),—p
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@ Studying combinations of negations of the same type.
Examples: add the backward-looking modalities
[ M,wlF<v"lp iff M, vIff ¢ for some v € W such that wR—1v
[S~1 M,wlf~tp iff M,vI g for some v € W such that wR™1v
Note the validity in PK of pure consecutions such as:

Vfl\/p ': P and V\-/ilp ): P (aswell as p = ~*~pand p = ~~"1p)
and the validity in PKB of mixed consecutions such as
Aﬁlvp ': pP and /'\Vilp ): P (aswellas p =~ "Y~pand p = w~"1p)
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@ Hybridizing and higher-orderfying this study!
talk @ Salamanca 15 / 16



Coda: On the true meaning of diamonds

[JM acknowledges support from the Humboldt Foundation.]
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